Abstract. We explain the main concepts centered around Sharafutdinov's ray transform, its kernel, and the extent to which it can be inverted. It is shown how the ray transform emerges naturally in any attempt to reconstruct optical and stress tensors within a photoelastic medium from measurements on the state of polarization of light beams passing through the strained medium. The problem of reconstruction of stress tensors is crucially related to the fact that the ray transform has a nontrivial kernel; the latter is described by a theorem for which we provide a new proof which is simpler and shorter as in Sharafutdinov's original work, as we limit our scope to tensors which are relevant to Photoelasticity. We explain how the kernel of the ray transform is related to the decomposition of tensor fields into longitudinal and transverse components. The merits of the ray transform as a tool for tensor reconstruction are studied by walking through an explicit example of reconstructing the σ 33 -component of the stress tensor in a cylindrical photoelastic specimen. In order to make the paper self-contained we provide a derivation of the basic equations of Integrated Photoelasticity which describe how the presence of stress within a photoelastic medium influences the passage of polarized light through the material.
Introduction
A transparent optical medium which initially is isotropic and homogeneous with respect to light propagation may become birefringent when subjected to external strain, an effect which is known as Photoelasticity [1, 2] . The spatially varying tensor of refraction then reflects the presence of stresses within the material, opening up the possibility of examining internal stresses by means of the change in the state of polarization of light beams passing through the strained medium. The reconstruction of local optical and stress tensors from the set of data collected for all possible directions, and locations, of light beams passing through the specimen is called Integrated Photoelasticity [3] .
Numerous efforts have been made in the past to tackle the problem of Integrated Photoelasticity [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . While the reconstruction of the optical tensors in the two-dimensional problem is well-established (for an overview see [5] ), the three-dimensional (3D) case so far has been solved only for special cases involving a priori assumptions about the symmetry of the 3D stress distribution, the rotation of the principal axes of the stress tensor, or the strength of the anisotropy of the dielectric tensor. The most general case of 3D tensor tomography with arbitrarily shaped bulk matter and no restriction on the degree of anisotropy is unsolved. The source of difficulty is the fact that the Radon transform which provides a well-established formalism for the reconstruction of scalar fields can no longer be utilized if tensor fields are involved.
In [13] , Sharafutdinov has proposed a generalization of the Radon transform to the case of symmetric tensor fields of arbitrary degree m defined on a, possibly curved, Riemannian manifold of arbitrary dimension n; he has termed his construction the ray transform. Amongst many other aspects, his work encompasses the examination of the formal structure of the ray transform, its relation to the Fourier transform, its non-trivial kernel and the problem of inversion of the ray transform given the fact that the kernel is nonzero. Sharafutdinov's contribution undoubtedly opens up the right path to the goal of solving the general problem of Integrated Photoelasticity; however, since his work aims to tackle the most general case of symmetric tensors of arbitrary degree m in n dimensions, his formalism necessarily exhibits a degree of complexity which may be undesirable for practitioners who wish to put his theory into a specific physical or engineering context. It is therefore an important task to lay out his results in a way which focuses on the special case of symmetric (m = 2) tensor fields, and vector (m = 1) fields, defined in a three-dimensional Euclidean space which is to be identified with the bulk material of the medium, and to study the merits of the ray transform as a tool for tensor reconstruction within the specific framework of Photoelasticity.
In the present paper we have attempted to provide some steps in this task: We explain the main concepts related to the ray transform, its kernel, and the extent to which it can be inverted, for the special case of vector-and symmetric tensor fields in R 3 . Our goal is, on the one hand, to provide an overview of the mathematical structure of the ray transform, and, on the other hand, to illustrate the method by discussing a simple application within the field of Integrated Photoelasticity. With these objectives in mind we have performed a new proof on one of the central theorems in Sharafutdinov's theory, namely the kernel of the ray transform; this theorem provides essential insight into the degree to which optical or stress tensors can be reconstructed from photoelastic data. Our proof focuses on vector-and symmetric 2-tensors only, which moreover are reconstructed planewise, so that they are effectively defined on a two-dimensional R 2 . This allows us to take alternative routes in the various steps of the proof which are not available in the most general case. This proof is given along the way of explaining the emergence of the ray transform in photoelastic stress reconstruction.
The plan of the paper is as follows: in Section 2 we derive the basic equations of Integrated Photoelasticity governing the evolution of the components of
